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• For high frequency, standard circuit theory is failed to solve microwave network problems.
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Transmission Line

Lumped circuit elements Distributed circuit elements Geometrical optics

Advantages of microwaves

• Wide bandwidth (due to high 
frequency)

• Smaller size 
• More available frequency 

spectrum
• Better resolution radar with 

high frequency
• High antenna gain

Disadvantages of microwaves

• Expensive components
• High signal losses
• Manufacturing difficulty

Lumped circuit model in TL
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Lumped circuit model in TL

Circuit theory vs. Transmission line theory

Electrical size 𝐿 ≪ 𝜆 𝐿~𝜆

Lumped element: mag & 
phase of V,I do not vary

Distributed element: mag & 
phase of V,I vary

TL can be represented as a 
two-wire line (since TEM 
wave propagation always 
needs at least two 
conductors)

The piece of line can be 
modeled as a lumped 
circuit

• Kirchhoff’s voltage law applies:

• Kirchhoff’s current law applies:
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Telegrapher’s equation
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Wave propagation in TL

• Characteristic impedance, Z0
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Converting back to time domain
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The lossless line

• In most cases, the loss of the line is very small, and can be neglected

0GRLet

= REAL

Therefore 
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Telegrapher equations derived from field analysis of a coaxial line

Telegrapher equation previously:

Consider coaxial line
Starting from Maxwell’s curl equations

(dielectric loss allowed, 
conductor loss ignored)

(for TEM wave)

(due to azimuthal sym)
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Telegrapher equations derived from field analysis of a coaxial line



And boundary condition:

Everywhere to satisfy b’dary condition

then 00

therefore

 since 

from
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Telegrapher equations derived from field analysis of a coaxial line

Therefore 



Finally, Telegrapher eqn:
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The terminated lossless transmission line

TL terminated in a load impedance, 𝑍𝐿

Incident wave: generated z<0 from source

The ratio V/I, characteristic impedance of the line, Z0:

 reflected wave occurs 

Total voltage:

Total current:

At 𝑧 = 0


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The terminated lossless transmission line

• Voltage reflection coefficient, Г



 Voltage and current are superposition of incident and reflected waves.
 Only for Г=0, no reflected waves. In this case, ZL=Z0. “matched”

• Time-averaged power flow

pure imaginary (A-A* form)

 Average power flow is constant at any z.
 Total power delivered to the load = incident power – reflected power
 If, Г=0: maximum power delivered to the load. 

If |Г|=1, no power delivered.

defined at the load
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The terminated lossless transmission line

• Return loss (RL)

Since not all power from generator is delivered to the load. This loss,

 for Г = 0 RL  ∞. For |Г| = 1 𝑅𝐿 = 0 [dB]
 𝑅𝐿 > 0 for passive network (since 0 ≤ |Г| ≤ 1)

• If the load is matched to the line (Г=0)

 This line is said to be “flat”

• If the load is mismatched  reflected wave results in standing waves

- Vmax occurs when

- Vmin occurs when
13



The terminated lossless transmission line

• The standing wave ratio (SWR, VSWR): the ratio of 𝑉𝑚𝑎𝑥 to 𝑉𝑚𝑖𝑛
a measure of the mismatch of a line

SWR = 1 for a matched load

- The distance between two successive Vmax (or Vmin) 

- The distance between Vmax and Vmin

• The reflection coeff can be generalized at any point l

at l=0 at 𝑧 = −𝑙
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The terminated lossless transmission line

• As we have seen earlier, the real power flow is constant over z. But, Voltage for mismatched line, is 
oscillatory with z, therefore, one can expect the impedance seen looking into line is varying as z.

- Impedance seen looking into the load (Zin)

Since 

“TL impedance equation”: input impedance of a length of TL with an arbitrary load impedance

𝑍𝑖𝑛֜ 𝑍𝐿
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A special case of lossless terminated lines

• TL terminated in a short circuit, 𝑍𝐿 = 0

= -1

Here, at 𝑧 = 0, 𝑉 = 0, and 𝐼 = 𝐼𝑚𝑎𝑥.

purely imaginary (reactance for 
any length of l

0inZ for 𝑙 = 0

inZ for 𝑙 = 𝜆/4

voltage

current

impedance

𝑆𝑊𝑅 = ∞
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A special case of lossless terminated lines

• TL terminated in an open circuit, ZL=∞

= 1

Here, at z=0, I=0, and V=Vmax.

𝑆𝑊𝑅 = ∞

purely imaginary (reactance 
for any length of l)
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A special case of lossless terminated lines

• TL terminated with special lengths: 𝑙 = 𝜆/2

𝑍𝑖𝑛

= 𝑍𝐿

 Half-wavelength line does not alter/transform the load impedance, regardless Z0.

• TL terminated with special lengths: 𝑙 = 𝜆/4 + 𝑛𝜆/2 (𝑛 = 1,2, … )

Zin

LZ

Z 2

0

 This kind of line is known to be “quarter-wave transformer” or, “λ/4 impedance transformer”
(because it has the effect of transforming the load impedance in an inverse manner, depending 
on the 𝑍0 of the line.)

L

in

Z

Z

Z

Z 0

0

or
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A special case of lossless terminated lines

• TL of characteristic impedance Z0 feeding a line of different characteristic line, 𝑍1

- Assume that the load line is infinitely long, 
or terminated to its own characteristic 
impedance (no reflection at the far end)

- Input impedance seen by the feed line is Z1

- Now, some incident wave reflected, and transmitted

at z=0

- Insertion loss (IL)
19



A special case of lossless terminated lines
• Decibels and Nepers

The ratio of two power levels in dB

for the load resistances are equal

The ratio of two voltage levels in Np

Since 1 Np = a power ratio of e2

Absolute power in dB

Ex) 1𝑚𝑊 = 0 𝑑𝐵𝑚
10𝑚𝑊 = 10 𝑑𝐵𝑚
100𝑚𝑊 = 20 𝑑𝐵𝑚
1000𝑚𝑊 = 30 𝑑𝐵𝑚

• A change in power by half = 3 dB
• A change in power by factor of 10 = 

10 dB

20



The Smith chart

- Graphical aid for solving TL problems
- Polar plot of the voltage reflection coefficient, Γ

 Convert Γ to normalized impedance (or admittance)

: normalized load impedance

Z0: characteristic impedance

or

Let
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The Smith chart

rearrange Resistance circle

Reactance circle

in Γ𝑟 and Γ𝑖 plane

Smith chart is very smart plot enabling complex values in one circle!
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The Smith chart

Γr

Γi

1

1

0.5

rL=0 (short circuit)

rL=1

(Resistance circle)

(Reactance circle)

rL=∞ (open circuit)

xL=1

xL=2
xL=0.5

xL=-0.5
xL=-1

xL=-2

Resistance circle ┴ Reactance circle

Center: z = 1 + 𝑗0 Γ = 0
corresponding to 
characteristic impedance
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The Smith chartSmith Chart

Impedance point

θ

r

R


R

r

A point in Smith chart represent 
“impedance” as well as “reflection 
coefficient”!!!

Γ=0 Γ=1

Γ=-1

Γ=j

Γ=-j 24



The Smith chart

Often time, we know Γ first, and re-interpret Z, because we usually know S-parameter

inductive

capacitive

S11=0

• If S11 is small (reflection decrease)  plot approaches to the 

center
• If S11 is large (reflection increases)  plot approaches to the 

outer perimeter


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The Smith chart

• Admittance

L

L
z

y
1



impedance admittance

-impedance: how the signal is impeded
-admittance: how the signal is well passing 

Rotate impedance 
chart by 180deg
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The Smith chart

zL

1) Reflection coeff. @ the load:
By reading the length ratio 

Θ=104deg

87.3
59.01

59.01

1

1










SWR4)

5) dBRL 6.4log20 

Example: Basic Smith chart operations
A load impedance of 40 + j 70 Ω terminates 100 Ω transmission line what is 0.3 λ long. Find 1) the 
reflection coefficient at the load, 2) the reflection coefficient at the input to the line, 3) the input 
impedance, 4) standing wave ratio on the line, and 5) return loss.

27



The Smith chart

zL

SWR circle

- WTG scale, the reference point reading is 
0.106λ

- Bring the 0.106λ point by 0.3λ toward 
generator brings 0.406λ

0.106

0.406

zin

3) therefore, 
zin = 0.365 – j 0.611

 





1.615.36

611.0635.01000

j

jzZZ inin

2) Still
but, phase

Θ=248deg

Θ=248deg

Example: Basic Smith chart operations
A load impedance of 40 + j 70 Ω terminates 100 Ω transmission line what is 0.3 λ long. Find 1) the reflection coefficient at 
the load, 2) the reflection coefficient at the input to the line, 3) the input impedance, 4) standing wave ratio on the line,
and 5) return loss.
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More on the Smith chart
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https://www.youtube.com/watch?v=iwpmX9oAhfg

복소 평면에서의 회전
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Series Resonant Circuit on the Smith chart

R= 50 Ohms R= 75 Ohms
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Parallel Resonant Circuit on the Smith chart

R= 50 Ohms R= 75 Ohms



The Quarter-wave transformer

- Quarter-wave transformer (QWR) is useful for impedance matching.
- QWR has a pre-determined length of 𝜆/4, and the termination is designed to produce the required 

impedance.

Consider
RL: load line impedance (real, known)
Z0: feedline characteristic impedance (real, known)

QWR: lossless piece of TL of unknown 
characteristic impedance Z1 and length λ/4.

It is desired to match the load to the Z0 line by using λ/4 section of the line 

To make Γ=0 when looking into λ/4 matching section! 
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The Quarter-wave transformer

- The input impedance (earlier)
for

To have

 : geometric mean of the 
load and source impedance

 Perfect match may be achieved at one frequency. But mismatch will occur at other 
frequencies

 SWR=1 (meaning that no standing wave on the feedline. But will be standing waves on the
λ/4 matching section.)

 Microstrip patch antenna
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The Quarter-wave transformer

Example: Frequency response of a quarter-wave transformer

Solution:

ZLZ1Z0=50Ω

𝜆/4

and

For f=f0, 
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