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Lumped circuit model in TL ;) HEclsiers Aeie

« For high frequency, standard circuit theory is failed to solve microwave network problems.

Advantages of microwaves

Conventional Microwave , | .
.. . : OptICS - Wide bandwidth (due to high
Circuit Theory Engineering frequency)
. Smaller si
Lumped circuit elements Distributed circuit elements Geometrical optics . M@?GZLZQ.ZSMe frequency
~ spectrum
I < < }\« I ~ }\‘ I > > ?“ « Better resolution radar with
- A ~— A ~/ Al N\ high frequency

High antenna gain

Disadvantages of microwaves

Fiber
Expensive components
High signal losses
| Manufacturing difficulty
N N N N N N N N N N N
r T L I r I rL I I I I
i o o —i o o Ho .
— 9 ~ 2 S — < = 2



Lumped circuit model in TL

Circuit theory  vs. Transmission line theory .-,

0j2h7| 4t 7147|
HEBolzory Afelct

: : - Az . z
Electrical size L &K A L~ "
Lumped element: mag & Distributed element: mag & 9 i +hz, 9
phase of V,I do not vary phase of V,I vary T 2
vz, 1) GAz = CAz wviz+Az
D-' Az 0
TL can be represented as a =~ —» Y
. . ) = R = senies resistance per unit length. for both conductors, in Q/m.
tWO-WII‘e I|ne (S' nce TEM ¥(z, f) L = senes inductance per unit length, for both conductors, in H'm.

wave propagation always - =
needs at least two

[

conductors) .
i(z +Az, )

The piece of line can be™ YV Ia- e
modeled as a lumped viz, ) GAz = CAz  viE+Az o
circuit _ _

o -

* Az

(®)

G = shunt conductance per unit length, in S/m.
C = shunt capacitance per unit length, in F/m.

* Kirchhoff’s voltage law applies:

Bi(z, 1)
at

viz,f) — RAzi(z,t) — LAz —viz4+ Az, 1) =0,

* Kirchhoff’s current law applies:

dvi(z + Az, 1)

i(z, 1) — GAzviz + Az, 1) — CAz ot

— iz 4 Az 1) = 0.

4
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Telegrapher’s equation

v(z,t) =V (2)e!”
driz, 1)  _Pi{s.t Lﬂ;r' z, 1) _ -
g - e =L—r—i(z,t) = 1(2)e]
) () |
ai , = —(R+ jwl)l(z),
(z,1) dv(z, 1) dz
— = —Gv(z,1)-C FYEE 7
ﬂf} = (G + joC)V(2).
Doris —¥E — ¥E
. F:E"J —y V() =0, Viz) =V, e "+ V, e
. LI =17e ™ + 1 e,
d*1(z) 20— o
.:]"22 - }"r I::-"l} — W

where y =g + jB = /(R + jowL)(G + jwC)
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Wave propagation in TL N sEasi e

(z) = Fﬂ"'e_}'z + Ve, d¥V(z)
) i — = —(R+ jol)I()
Iz)=1Ie 7" + 1, ", : M
- - 1 1
I(z)= 4 Fre ¥V e') = — Ve -V e”
(z) R_I_J_mL{ﬂe e’ 0Voe 0Voe
F_;_ = Zp= —Vo |
I Iy
« Characteristic impedance, Z,
70— R+jwl  |R+ jwL
! Y -\ G+ jwC]

Converting back to time domain -
g N v(z, 1) = |V, | cos(mwt — Bz 4+ ¢ )e *F

e

- A
+ |V, |cos(wt + Bz + ¢~ )™ B
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The lossless line :, e

« In most cases, the loss of the line is very small, and can be neglected

Let R=G=0

y =a+jf =R+ jol)f + joC) = jovLC

R+ jwL + jelL L
2y = / = d J — 1/ = =REAL

y “ 4+ jol C

Therefore Viz) =V e P+ 7 el
+ -

1(z) = Yo gibz _ Yo i
£y £y

21— 2n B 2 - w L

"B wJIC FP= B VIcC (L2t C o thel =4
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Telegrapher equations derived from field analysis of a coaxial line
4
. . dv(z) _
Telegrapher equation previously: = —(R+ jwL)I(z),
‘f‘; {f) — (G + joC)V(2).
Consider coaxial line
g Starting from Maxwell’s curl equations
p.€ VxE= —jm,m’-}, e=¢ —je"

<, V x H = jweE,

% (dielectric loss allowed,
conductor loss ignored)

aE L9E, .18 . x
P 4L 4 (pEy) = —jou(pH, +$Hy), E.=H.=0 (for TEM wave)
BL dz 0 dp
.0H; .9H, 13
—p—o—+ b 0 T "'——'[PH:#*:' = jwe(PE, + Eg).

d/d¢ =0 (due to azimuthal sym)
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Telegrapher equations derived from field analysis of a coaxial line

And boundary condition: E; =0atp=a, b

Es = 0] Everywhere to satisfy b'dary condition

then 0 0
e 4§20 422 D (OE,) = —jon(E, + $Hy)
pﬂz dz p ¢ / : 120

therefore H, =0

. |8E _ since H, _ 8C

o |55 = —jorHs. T
dH _ -
a_¢ = —jweLE,. from 33H¢ = —jweE,. ——> Ep, == h{_.
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Telegrapher equations derived from field analysis of a coaxial line

“) HEol2{orM Aleict
9E, _ dh(z) _
Therefore 5z~ JenHs. dz —Jeng)
3H¢, E:lg[z] )
= = —jweE, = —jweh(z)
Z dz
b b
V(z) = f E (p,z)dp = h(z}f dp = h(z) lng - adlViz) _ wilnb/a 1)
—a p=a P a . Az I '
2n ] d1(z) (e — II)EHF(E)
_ _ = — Jile — JE .
I(z) o Hy(a, z)adg = 2mwg(z) 3z J J Inb/a
adViz
@) = —jwlI(z),
Finally, Telegrapher eqgn: dz
al
3{2} — —(G+ joC)V(2)
Z

10
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The terminated lossless transmission line e e e

') hhhhhh

TL terminated in a load impedance, Z;

V). 16) I Incident wave: ¥, e /P generated z<0 from source
Zy. B 3 5_|EL
— [ > The ratio V/I, characteristic impedance of the line, Z,:
I 0 i
Zr #+ 72 - reflected wave occurs
Total voltage: Viz) =V, e IF" 4 v elP?
+ —_
Total current: I(z) = o e JP7 _ Vo el P-
£y Zy

V(0) FQ‘ + ¥V,
1(0) AR

2 — 7

- = L 0

e

Atz=0 EL

Vo

11
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The terminated lossless transmission line : B oisiel AlelE
. . Ve, Z1—Zo ,
- Voltage reflection coefficient, I' I'= vF = 7.+ Z defined at the load

Viz) = V(e 7F* + TelF),
Vi - o
I(z) = 2 (e /" —TeF).
Zy
- Voltage and current are superposition of incident and reflected waves.
- Only for '=0, no reflected waves. In this case, Z,=7,. "matched”

« Time-averaged power flow

1 1|V . s
Prz = ER&{ F(E]I(z)*} = El ;ﬂl Rﬂ{l _Fe P L pgliPr IFIE}
LIV > pure imaginary (A-A* form)

- Average power flow is constant at any z.
- Total power delivered to the load = incident power — reflected power
- If, '=0: maximum power delivered to the load.
If [I'|=1, no power delivered. 12
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The terminated lossless transmission line

* Return loss (RL)
Since not all power from generator is delivered to the load. This loss,

RL = —20log|T'| dB

>forT'=0-> RL > oo, For || =1-> RL = 0[dB]
- RL > 0 for passive network (since 0 < |I'| < 1)

 If the load is matched to the line (I'=0)
\V(z)| = |V,"| - This line is said to be “flat”
 If the load is mismatched - reflected wave results in standing waves

V(z) = V(7P + Telf?) = |V;F||1 + [e¥F|
= |VF||1 + Te™ 2Pt
= [V |1+ T/ @20 T =Tl

- Vmax occurs when e/ #—2£8) — 1 Vmax = |V, |(1 4 |T])

- Vmin occurs when &/@—260 — _1 Vanin = |V, (1 — |T]) y
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The terminated lossless transmission line

« The standing wave ratio (SWR, VSWR): the ratioof V., to V
a measure of the mismatch of a line

Voax 1 +1T
Vein 1 —|T|

SWR = 1 for a matched load

min

SWR = 1 =SWR < o0

- The distance between two successive Vmax (or Vmin)
E=2m/28 =mA/2mn = A/2

- The distance between Vmax and Vmin
E=m/28=A/4

» The reflection coeff can be generalized at any point /

V, Zr—2Zy v, e Jpt
= at =0 ') = .
]3’:;_ Zr + Zy T I’?a+‘-‘fiﬁ£

/

Viz) =V, e P 4 v, elP"

=T (0)e Pt at z = —I

I' =

14



The terminated lossless transmission line
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=N xzolajorm Apeict

’ hhhhhh

« As we have seen earlier, the real power flow is constant over z. But, Voltage for mismatched line, is
oscillatory with z, therefore, one can expect the impedance seen looking into line is varying as z.

- Impedance seen looking into the load (Zin)
V(=0 V(e +Te i) 14 Te W

Z; Zs
Zin=> |Z, = I(=0) Vﬂ+ (e/Ft — Te—JPE) T 1_re 2Pt
_ : V.- Zr — 2
Since I'=-2 = L— 40
Vs Zr + Zy
7. {ZL + Zo)elPt 4 (Zp — Zo)e /Pt
o =

(ZL + Zp)elPt — (Z1 — Zp)e 1Pt

Zrcos Bl + jZysmpBe
UZ’D cos B€ + jZy sin Bf

EL + jZptan ¢
Eu + jZ1 tan B¢

“TL impedance equation”; input impedance of a length of TL with an arbitrary load impedance

15



A special case of lossless terminated lines

« TL terminated in a short circuit, Z, = 0

Viz). 1(z2)

—_—— — L
+
-ED:,E FI.=D;:| .EL=|:]

| | -
_i 0 4
V- 21 — 2o
]__I — g — T —
H]_,_ Z: + Zo 1 SWR = oo
V(z) =V, (e 7F* — &/F*) = 2V, sin Bz,
E | . : 2V F
Iz)= -2 [e_-"ﬁf +e”ﬁ:] = —2 cos fiz,
Zo Zo

Here, at z = 0,V = 0, and I = Imax.

Z = jZptan g Ppurely imaginary (reactance for
any length of /

Z. =0 forl=0

n

/. =oo forl=1/4

In

[

VAN et o)

= XSiola{okM Ajeict

’ hhhhhh

) TG

vy

- voltage

A ()2,

207

 current

.
o

(b)

JLE

£y
impedance

—
-

16
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A special case of lossless terminated lines

]
o
|

« TL terminated in an open circuit, Z =00 1

@), 1e) oy =0 \ /
— e Oy
ZoB L == —Jll 3 l}a A
ek ., ‘T\‘E/ﬁ
Z -1

+

=

- 0
V- Z VA @ 4 1(2)Z,
]__| _— ﬂ+ f— L ﬂ —_ 1 SWR = OO _szD_
Vo Zr + 4y /-\ 1+
V(z) =V, (e 77" + &P*) = 27, cos Bz, /A _l‘-.h A |,1 z
—> T e N
I(z) = Zs (e Iz _ gl ) = 70 sin Bz a1k

(b}

Here, at z=0, I=0, and V=Vmax.

Zo = —jZycot g¢  Purely imaginary (reactance
for any length of /)

ta ¥

17
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A special case of lossless terminated lines

« TL terminated with special lengths: [ = 1/2

£ + jZptan ¥
"Zo + jZ1 tan BE
= ZL
—> Half-wavelength line does not alter/transform the load impedance, regardless Z,,.

« TL terminated with special lengths: | = 1/4+ni/2 (n=1,2,...)

Zr + jZptan S¢
" Zo + jZ1 tan Bt
_Z Z, _Z,

z, Oz, z,

Zin=‘Z

- This kind of line is known to be “quarter-wave transformer” or, “A/4 impedance transformer”
(because it has the effect of transforming the load impedance in an inverse manner, depending
on the Z, of the line.)

18



VAN Dl 1)

= FSol2dorM Aleict

A special case of lossless terminated lines

L) TEdH sl
« TL of characteristic impedance Z, feeding a line of different characteristic line, Z,
I
-~ rﬁp_b - Assume that the load line is infinitely long,
=== === or terminated to its own characteristic
z, | Z, impedance (no reflection at the far end)
—— | -—-
0 z
_ . Zy— £y
- Input impedance seen by the feed line is Z, [ = ———
L1+ £y

- Now, some incident wave reflected, and transmitted - -
! ! V(z) = IF"G"'{E_J-S‘ + FeJﬁf}, z =0

Fiz) = F;"'Te_-”ﬁf forz = 0

£ — Zy 274
Z1+ £y N Z1+ Zp

at z=0 I'=14+T=1+

- Insertion loss (IL) IL=—-20log|T|dB

19
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A special case of lossless terminated lines :, Hegsad e

» Decibels and Nepers

Py
' i 10log — dB
The ratio of two power levels in dB P, P, — VE /Ry and Py — V,j- /R,
2
VR V; [R
10log L2 _ 2plog—L |22 4B
V3R 2\ Ry
2 .
20 log 7 dB| for the load resistances are equal
2
: . 1
The ratio of two voltage levels in Np In 7 Np
2
1. P
Vo 2 In o Np . A change in power by half = 3 dB
v, °© . - A change in power by factor of 10 =
! 10 dB
Since 1 Np = a power ratio of e2 I Np = 10loge” = 8.686 dB
Ex) imW = 0dBm
10mW = 10dBm
Absolute power in dB 10 log oy dBm 100mW = 20 dBm
1m

1000mW = 30 dBm 20
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The Smith chart :, Hpolaiard Algie

- Graphical aid for solving TL problems
- Polar plot of the voltage reflection coefficient, I

I' =

_F;__ZL—Z']

— |I"|e/

P:j_ _ZL + Zy

=1 z=2/Z

- Convert I to normalized impedance (or admittance)

P Tle® zz = Z1/Zo : normalized load impedance
= = e
zr +1 Z,: characteristic impedance
or [ 14|r]e?
LTI e?
rp+ X = ;
(1-1%) —Jl;

Zp =rr + jxg

21
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The Smith chart :, Hpolaiard Algie

I —T7—T7
: Fr = ;

. (I1+15)+ jI; (1—=T,)2 4712

rr + jxr = , ?

= o, =y, . o,

Xy = .

T =141

2 2
M, — L +I7 = : mmmm) Resistance circle
rearrange> " T4y i 1 +7,

[

(I, — 1)% + (rIf — i) = (i) . mmmm) Reactance circle

XL

in I', and T, plane

Smith chart is very smart plot enabling complex values in one circle!

22
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The Smith chart :, Hpolaiard Algie

2
(r},— 'L )—|—F
1 +r;
5 1
(F;'_I) + rf__
Xz

-

i

2

(
(

1
1 +r;

1 \2
)

A

)

(Resistance circle)

(Reactance circle)

Center:z=1+jj0>T=0
corresponding to
characteristic impedance

r.=0 (short circuit)

X =2

[\
i =1

r =00 (open circuit)

AN

XL=-2
Resistance circle - Reactance circle

X =-1 23
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The Smith chart :; N olsiars Al

Often time, we know T first, and re-interpret Z, because we usually know S-parameter

. . 1
ZL:RL+JX:RL+J G)L—E

« If Sy is small (reflection decrease) - plot approaches to the

center
- If Sy is large (reflection increases) - plot approaches to the

< 2)
2 LR
R 5 ) G aeasrs .
S e 8 i P\ outer perimeter

L5

L7 &
Sasraes v 5 Y
0
S \
= -
@
o 15
=2 e
=
T —
AT
R e L ‘ :
N o,
“:::‘..:,’?‘.“ freq, GHz freq (10.00MHz to 3.000GHz)
IR ICAES
elet "
“o’.‘,oé
%%
, /\
<20
14 .
&
<60
80,
—T—r—T
10 12

(9.000GHz to 15.00GHz)
freq, GHz
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The Smith chart :, Hpolaiard Algie

1 -impedance: how the signal is impeded

* Admittance YL = 7 -admittance: how the signal is well passing
L

impedance admittance

Rotate impedance
chart by 180deg

26
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and 5) return loss.

)
| -
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Q
| -
Q
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)

WTG scale, the reference point reading is

0.106A
Bring the 0.106A point by 0.3A toward

generator brings 0.406A

SWR circle

5 ay

FUCENT by Tt
ey

TS

.Nvlbﬂ.ﬁgpaauul.u

~j0.611

=0.365

Zin

248deg

but, phase ©
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More on the Smith chart

https://www.youtube.com/watch?v=iwpmX90Ahfg

(3.3 EFAFA| =2 7| EF T2} 0| E RFgna
CsEl2 49
A0 XIE 29|34 2 I¥ 0|5 &8 P s, S
o EY 1T A 25 T} Y40 BrALTIO| 9 4H0) B A i
« A2 [SHR ZO|2 SY > T UHYE 180 deg . : R

o QAL E HSUE O[O 201 > T BHYE= 360 deg
« Y3 SF4=s MY B

*  WTG ( Wavelength Toward Generator )
AL QYR FORE It B

*  WTL ( Wavelength Toward Load )
: FO BYLE FOSHE 0ty B

« YPEHOR RI0M 24 YHB2E M2t FIhs|AUM
SH & BO{LP7P7| RO WTLE F2 0|8%

20|12 XEE EAA | B 4
« 20|2XEQ| BHHIR = gHOHE M2
« SRAROJ CHEH IHE L f{E2 M2 20[2| 24

lin = M e /2" "

y;,-)ll "N N

=4 BHOIAQ BH —+ M2 0|7} YRl WY
A YA S

A VAV

~-
______
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Series Resonant Circuit on the Smith chart

R= 50 Ohms

0.5

< +0

Q |

VA ooyt 712)
l\l':’ X Solg{okM Al

0.5

-05F

30



Parallel Resonant Circuit on the Smith chart

L L L
05

1
~ ’
+
% |—> —_— C L R

VA ooyt 712)
l\l':’ X Solg{okM Al

R= 75 Ohms

)
J

L 1 L ]
0.5 1.0
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The Quarter-wave transformer

- Quarter-wave transformer (QWR) is useful for impedance matching.
- QWR has a pre-determined length of 1/4, and the termination is designed to produce the required

impedance.
: A/4
ZE § y Zr,

g: Z Transmission line :OO_|:|_|

Consider o
R,: load line impedance (real, known)

r Z,: feedline characteristic impedance (real, known)
T OO ~——NA——
3 QWR: lossless piece of TL of unknown
Zo 21 Ry characteristic impedance Z, and length A/4.

P P
st L

It is desired to match the load to the Z, line by using A/4 section of the line

Zin
Q =) To make M'=0 when looking into A/4 matching section!

32
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The Quarter-wave transformer

Ry + jZ, tan B¢

- The input impedance (earlier) Zi, = Z; _ |
Z1 + jRy tan B¢ forr Bl =Qa/r)(r/4)=m/2

Tohave ['=0 == 7, =17,

7. — /7 R, :9eometric mean of the
1 OZL] Joad and source impedance

- Perfect match may be achieved at one frequency. But mismatch will occur at other
frequencies

- SWR=1 (meaning that no standing wave on the feedline. But will be standing waves on the
A4 matching section.)

& Microstrip patch antenna

33
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The Quarter-wave transformer L) e

Example: Frequency response of a quarter-wave transformer

Consider a load resistance R; = 100 €2 to be matched to a 50 Q line with a
quarter-wave transformer. Find the characteristic impedance of the matching sec-
tion and plot the magnitude of the reflection coefficient versus normalized fre-
quency, f/f,. where £, 1s the frequency at which the line 1s A/4 long.

Solution: A/4
Z,=50Q Z, Z, Z, =/ ZoRr = /(50)(100) = 70.71

(o]
o

o
o

Rr + jZ, tan B¢
121 + j Ry tan B¢

and Zin =

|_‘Zin_ZU
Zin + Zo

() (5)- () (3)- 2

For f=f,, Al =1/2

T
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