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From Maxwell’s equations in free space

∇ × 𝐁𝐁 = ∇ × ∇ × 𝐀𝐀 = ∇ ∇ � 𝐀𝐀 − ∇2𝐀𝐀 = 0
Lorentz gauge ∇�𝐀𝐀=0

∇2𝐀𝐀 = 0 ,

∇ � 𝐁𝐁 = ∇ � −∇Φ = −∇2Φ = 0 → ∇2Φ = 0 .

and assuming the transverse magnetic field 𝐁𝐁 = 𝐵𝐵𝑥𝑥 ,𝐵𝐵𝑦𝑦 , 0 and 𝐀𝐀 = 0, 0,𝐴𝐴𝑧𝑧 s.t.
𝐵𝐵𝑥𝑥 = 𝜕𝜕𝐴𝐴𝑧𝑧

𝜕𝜕𝜕𝜕
and 𝐵𝐵𝑦𝑦 = −𝜕𝜕𝐴𝐴𝑧𝑧

𝜕𝜕𝜕𝜕
, we can solve the Laplace’s equation for scalar potential 

with proper boundary condition in polar coordinates as

Φ 𝑟𝑟,𝜃𝜃 = �
𝑛𝑛=1

∞

𝑟𝑟𝑛𝑛 𝑎𝑎𝑛𝑛 cos𝑛𝑛𝜃𝜃 + 𝑏𝑏𝑛𝑛 sin𝑛𝑛𝜃𝜃 = �
𝑛𝑛=1

∞

Φ𝑛𝑛 ⋯ 1 .

For each eigenmodes, we call 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 2𝑛𝑛 −pole magnet when 𝑎𝑎𝑛𝑛 = 0 and 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 2𝑛𝑛 −
pole magnet when 𝑏𝑏𝑛𝑛 = 0.  The only difference between normal magnet and skew 
magnet is rotation of 𝜋𝜋

2𝑛𝑛
rad, since

𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛 cos𝑛𝑛𝑛𝑛 = 𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛 sin 𝑛𝑛𝑛𝑛 +
𝜋𝜋
2 = 𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛 sin𝑛𝑛 𝜃𝜃 +

𝜋𝜋
2𝑛𝑛 ⋯ (2) .
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Take derivatives of 𝐵𝐵𝑛𝑛s until constant ∶ 𝑔𝑔 𝑛𝑛−1 ≡
𝜕𝜕𝑛𝑛−1𝐵𝐵𝑛𝑛
𝜕𝜕𝑟𝑟𝑛𝑛−1 = −𝑛𝑛!𝑎𝑎𝑛𝑛

e.g. Taylor expansion of 𝐵𝐵𝑦𝑦 on the 𝑥𝑥 − axis :

𝐵𝐵𝑦𝑦 = �𝐵𝐵𝑦𝑦
𝑦𝑦=0

+ �
𝜕𝜕𝐵𝐵𝑦𝑦
𝜕𝜕𝜕𝜕 𝑦𝑦=0

𝑥𝑥 +
1
2!

�
𝜕𝜕2𝐵𝐵𝑦𝑦
𝜕𝜕𝑥𝑥2

𝑦𝑦=0

𝑥𝑥2 +
1
3!

�
𝜕𝜕3𝐵𝐵𝑦𝑦
𝜕𝜕𝑥𝑥3

𝑦𝑦=0

𝑥𝑥3 + 𝑂𝑂(𝑥𝑥4)

= 𝐵𝐵0 + 𝑔𝑔𝑔𝑔 +
1
2
𝑔𝑔′𝑥𝑥2 +

1
6
𝑔𝑔′′𝑥𝑥3 + 𝑂𝑂 𝑥𝑥4 .
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Φ𝑛𝑛,normal = 𝑏𝑏𝑛𝑛𝑟𝑟𝑛𝑛 sin𝑛𝑛𝑛𝑛 = 𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛 sin𝑛𝑛𝑛𝑛 ,

Φ𝑛𝑛,skew = 𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛 cos𝑛𝑛𝑛𝑛

𝐁𝐁𝑛𝑛 = −𝑛𝑛𝑎𝑎𝑛𝑛𝑟𝑟𝑛𝑛−1 sin𝑛𝑛𝑛𝑛 �𝐫𝐫 ± cos𝑛𝑛𝑛𝑛 �𝜽𝜽

≡ 𝐵𝐵𝑛𝑛 sin𝑛𝑛𝑛𝑛 �𝐫𝐫 ± cos𝑛𝑛𝑛𝑛 �𝜽𝜽 ,



(Appendix) Derivation of 𝑔𝑔 (𝑛𝑛 ≥ 2)

Ampere’s law for 𝑎𝑎 → 𝑏𝑏 → 𝑐𝑐 → 𝑎𝑎 :

�𝐇𝐇 � 𝑑𝑑𝐥𝐥 = �
𝑎𝑎

𝑏𝑏
𝐇𝐇0 � 𝑑𝑑𝐥𝐥 + �

𝑏𝑏

𝑐𝑐
𝐇𝐇Fe � 𝑑𝑑𝐥𝐥 + �

𝑐𝑐

𝑎𝑎
𝐇𝐇 � 𝑑𝑑𝐥𝐥 =

1
𝜇𝜇0
�
𝑎𝑎

𝑏𝑏
𝐁𝐁 � 𝑑𝑑𝐥𝐥 = 𝑁𝑁𝑁𝑁 ,

Ampere’s law for 𝑎𝑎 → 𝑏𝑏 → 𝑑𝑑 → 𝑎𝑎 :

�𝐁𝐁 � 𝑑𝑑𝐥𝐥 = �
𝑎𝑎

𝑏𝑏
𝐁𝐁 � 𝑑𝑑𝐥𝐥 + �

𝑏𝑏

𝑑𝑑
𝐵𝐵𝑦𝑦𝑑𝑑𝑑𝑑 + �

𝑑𝑑

𝑎𝑎
𝐵𝐵𝑥𝑥𝑑𝑑𝑑𝑑 = 0

→ �
𝑎𝑎

𝑏𝑏
𝐁𝐁 � 𝑑𝑑𝐥𝐥 = −�

𝑑𝑑

𝑎𝑎
𝐵𝐵𝑥𝑥𝑑𝑑𝑑𝑑 − �

𝑏𝑏

𝑑𝑑
𝐵𝐵𝑦𝑦𝑑𝑑𝑑𝑑 = �

𝑎𝑎

𝑑𝑑
𝐵𝐵𝑥𝑥𝑑𝑑𝑑𝑑 + �

𝑑𝑑

𝑏𝑏
𝐵𝐵𝑦𝑦𝑑𝑑𝑑𝑑 = �

0

𝑅𝑅 cos 𝜋𝜋2𝑛𝑛
�𝐵𝐵𝑥𝑥
𝑦𝑦=0

𝑑𝑑𝑑𝑑 + �
0

𝑅𝑅 sin 𝜋𝜋2𝑛𝑛
�𝐵𝐵𝑦𝑦
𝑥𝑥=𝑑𝑑

𝑑𝑑𝑑𝑑

∴ �
0

𝑅𝑅 cos 𝜋𝜋2𝑛𝑛
�𝐵𝐵𝑥𝑥
𝑦𝑦=0

𝑑𝑑𝑑𝑑 + �
0

𝑅𝑅 sin 𝜋𝜋2𝑛𝑛
�𝐵𝐵𝑦𝑦
𝑥𝑥=𝑅𝑅 cos 𝜋𝜋2𝑛𝑛

𝑑𝑑𝑑𝑑 = 𝜇𝜇0𝑁𝑁𝑁𝑁

e.g. Quadrupole magnet 𝑛𝑛 = 2

𝜇𝜇0𝑁𝑁𝑁𝑁 = �
0

1
2
𝑅𝑅

�𝑔𝑔𝑔𝑔
𝑦𝑦=0

𝑑𝑑𝑑𝑑 + �
0

1
2
𝑅𝑅

�𝑔𝑔𝑔𝑔
𝑥𝑥= 1

2
𝑅𝑅
𝑑𝑑𝑑𝑑 =

1
2
𝑔𝑔𝑅𝑅2 ∴ 𝑔𝑔 =

2𝜇𝜇0𝑛𝑛𝑛𝑛
𝑅𝑅2
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We can show that infinitesimal complex variables 𝑑𝑑𝑧𝑧 = 𝑑𝑑𝑑𝑑 + 𝑖𝑖𝑖𝑖𝑖𝑖 and 𝑑𝑑𝑧𝑧∗ = 𝑑𝑑𝑑𝑑 − 𝑖𝑖𝑖𝑖𝑖𝑖

are linearly independent, thereby the derivative of an analytic function 𝑓𝑓 𝑧𝑧 = 𝑓𝑓 𝑥𝑥 + 𝑖𝑖𝑖𝑖

can be defined as

𝑑𝑑𝑑𝑑 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑 =
1
2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑 +
1
2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑑𝑑𝑧𝑧∗ ≡
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑑𝑑𝑑𝑑 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧∗

𝑑𝑑𝑧𝑧∗ ,

which means that
𝜕𝜕
𝜕𝜕𝜕𝜕

=
1
2
𝜕𝜕
𝜕𝜕𝜕𝜕

+
1
2𝑖𝑖

𝜕𝜕
𝜕𝜕𝜕𝜕

and
𝜕𝜕
𝜕𝜕𝑧𝑧∗

=
1
2
𝜕𝜕
𝜕𝜕𝜕𝜕

−
1
2𝑖𝑖

𝜕𝜕
𝜕𝜕𝜕𝜕

.

The condition for being an analytic function is
𝜕𝜕𝑓𝑓
𝜕𝜕𝑧𝑧∗

= 0, which is identical with

𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶ℎ𝑦𝑦 − 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 equations
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

and
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

for 𝑓𝑓 𝑧𝑧 = 𝑢𝑢 𝑥𝑥,𝑦𝑦 + 𝑖𝑖𝑖𝑖 𝑥𝑥,𝑦𝑦 .

Conventional magnet and Schwartz transformation
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Take 𝑓𝑓 ⟻
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

to get
𝜕𝜕
𝜕𝜕𝑧𝑧∗

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
1
4
∇2𝑓𝑓 = 0 and from ∇2𝑓𝑓 = ∇2𝑢𝑢 + 𝑖𝑖∇2𝑣𝑣, we can say that any

analytic function satisfies the Laplace′s equation, with ∇2𝑢𝑢 = ∇2𝑣𝑣 = 0.

Also, we can show that ∇𝑢𝑢 ∇𝑣𝑣 are orthogonal by using Cauchy − Riemann equations,

therefore 𝑎𝑎𝑎𝑎𝑎𝑎 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡𝑡𝑡 𝑎𝑎 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝑡𝑡𝑡 − 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜𝑜𝑜 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.
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Assume that 𝑣𝑣 𝑥𝑥,𝑦𝑦 is the magnetic scalar potential,

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1
2
𝜕𝜕
𝜕𝜕𝜕𝜕

+
1
2𝑖𝑖

𝜕𝜕
𝜕𝜕𝜕𝜕

𝑢𝑢 + 𝑖𝑖𝑖𝑖 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑖𝑖
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −𝐵𝐵𝑦𝑦 − 𝑖𝑖𝐵𝐵𝑥𝑥

Therefore,

𝐵𝐵𝑥𝑥 + 𝑖𝑖𝐵𝐵𝑦𝑦 = −𝑖𝑖
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

∗

⋯ (3)



We can find that the physical meaning of 𝑢𝑢 𝑥𝑥, 𝑦𝑦 is the vector potential 𝐴𝐴𝑧𝑧, from

𝐵𝐵𝑥𝑥 = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕

and 𝐵𝐵𝑥𝑥 = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕

.

Therefore we can define the 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑓𝑓 as 𝑓𝑓 = 𝐴𝐴𝑧𝑧 + 𝑖𝑖Φ𝑚𝑚 ⋯ (4).

From the fact that any analytic complex transformation including the finite number 

of singularity preserves the angle (𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), we can map the  solution space of 

Laplace’s equation ∇2𝑓𝑓 = 0 into a upper half of new complex plane.  

Conventional magnet and Schwartz transformation
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𝑧𝑧1 = 𝑧𝑧2
𝛽𝛽



We know that the magnetic field is constant in 𝑦𝑦 −direction, so it is easy to find 

potentials in 𝑧𝑧2 plane: Φ𝑚𝑚 = −𝐵𝐵𝐵𝐵 and 𝐴𝐴𝑧𝑧 = −𝐵𝐵𝐵𝐵 (from Cauchy-Riemann equations).

Therefore the complex potential is 𝑓𝑓 = −𝐵𝐵 𝑥𝑥 + 𝑖𝑖𝑖𝑖 = −𝐵𝐵𝐵𝐵.

The generalization of previous transformation from 𝑧𝑧1 plane to 𝑧𝑧2 plane is known as 

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡.

Conventional magnet and Schwartz transformation
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𝑑𝑑𝑑𝑑1
𝑑𝑑𝑧𝑧2

= 𝐶𝐶�
𝑖𝑖=1

𝑛𝑛

𝑧𝑧2 − 𝑎𝑎𝑖𝑖
𝛼𝛼𝑖𝑖
𝜋𝜋−1



For one ‘cell’ of conventional 2𝑛𝑛−pole magnet, the Schwartz transformation

becomes

𝑑𝑑𝑑𝑑1
𝑑𝑑𝑧𝑧2

= 𝐶𝐶𝑧𝑧2
𝛼𝛼
𝜋𝜋−1 = 𝐶𝐶𝑧𝑧2

1
𝑛𝑛−1 ∴ 𝑧𝑧2 =

1
𝑛𝑛𝑛𝑛

𝑛𝑛

𝑧𝑧1𝑛𝑛 .

Therefore, the complex potential 𝑓𝑓 which provides a homogeneous field in 𝑧𝑧2 plane

can be described in 𝑧𝑧1 plane as 𝑓𝑓 = −𝐵𝐵𝑧𝑧2 = −
𝐵𝐵
𝑛𝑛𝑛𝑛 𝑛𝑛 𝑧𝑧1

𝑛𝑛 ≡ 𝐶𝐶𝑛𝑛𝑧𝑧1𝑛𝑛 ⋯ 5 .

From Eq. 2 , we can find the rotation transformation 𝑧𝑧 → 𝑧𝑧1 = 𝑧𝑧𝑒𝑒𝑖𝑖
𝜋𝜋
2𝑛𝑛 for the skew

multipole magnet. Hence 𝑓𝑓skew = 𝐶𝐶𝑛𝑛𝑧𝑧1𝑛𝑛 = 𝑖𝑖𝐶𝐶𝑛𝑛𝑧𝑧𝑛𝑛 ⋯ 6

We can get the magnetic field, scalar and vector potential by Eqs. 3 and (4). 

Conventional magnet and Schwartz transformation
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e. g. Quadrupole magnets 𝑛𝑛 = 2

(a) Normal magnet

𝑓𝑓 = −𝐵𝐵𝑧𝑧2 = 𝐶𝐶2𝑧𝑧12 = 𝐶𝐶2 𝑥𝑥1 + 𝑖𝑖𝑦𝑦1 2 = 𝐶𝐶2 𝑥𝑥12 − 𝑦𝑦12 + 2𝑖𝑖𝑥𝑥1𝑦𝑦1
Φ𝑚𝑚 = Im 𝑓𝑓 = 2𝐶𝐶2𝑥𝑥1𝑦𝑦1, 𝐴𝐴𝑧𝑧 = Re 𝑓𝑓 = 𝐶𝐶2 𝑥𝑥12 − 𝑦𝑦12

𝐵𝐵𝑥𝑥 + 𝑖𝑖𝐵𝐵𝑦𝑦 = −𝑖𝑖
𝑑𝑑𝑑𝑑
𝑑𝑑𝑧𝑧1

∗

= −2𝑖𝑖𝐶𝐶2𝑧𝑧1∗ = −2𝑖𝑖𝐶𝐶2 𝑥𝑥1 − 𝑖𝑖𝑦𝑦1 = −2𝐶𝐶2 𝑦𝑦1 + 𝑖𝑖𝑥𝑥1 , 𝑔𝑔 =
𝜕𝜕𝐵𝐵𝑦𝑦
𝜕𝜕𝜕𝜕

= −2𝐶𝐶2

b Skew magnet

𝑓𝑓skew = 𝑖𝑖𝐶𝐶2𝑧𝑧2 = 𝑖𝑖𝐶𝐶2 𝑥𝑥2 − 𝑦𝑦2 + 2𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑔𝑔𝑔𝑔𝑔𝑔 − 𝑖𝑖
1
2
𝑔𝑔 𝑥𝑥2 − 𝑦𝑦2

Φ𝑚𝑚 = Im 𝑓𝑓skew = −
1
2
𝑔𝑔 𝑥𝑥2 − 𝑦𝑦2 , 𝐴𝐴𝑧𝑧 = Re 𝑓𝑓skew = 𝑔𝑔𝑔𝑔𝑔𝑔

𝐵𝐵𝑥𝑥 + 𝑖𝑖𝐵𝐵𝑦𝑦 = −𝑖𝑖
𝑑𝑑𝑓𝑓skew
𝑑𝑑𝑑𝑑

∗

= −𝑖𝑖 2𝑖𝑖𝐶𝐶2𝑧𝑧 ∗ = 𝑔𝑔𝑧𝑧∗ = 𝑔𝑔𝑔𝑔 − 𝑖𝑖𝑖𝑖𝑖𝑖

Conventional magnet and Schwartz transformation
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The scalar potential in polar coordinate Eq. 1 can be expressed by writing

𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 and 𝐶𝐶𝑛𝑛 = 𝑏𝑏𝑛𝑛 + 𝑖𝑖𝑎𝑎𝑛𝑛 so that 𝑓𝑓 = 𝑏𝑏𝑛𝑛 + 𝑖𝑖𝑎𝑎𝑛𝑛 𝑟𝑟𝑛𝑛𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 and Φ𝑚𝑚 = Im 𝑓𝑓 =

𝑟𝑟𝑛𝑛 𝑎𝑎𝑛𝑛 cos𝑛𝑛𝑛𝑛 + 𝑏𝑏𝑛𝑛 sin𝑛𝑛𝑛𝑛 .

We can also find the vector potential 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,

𝐴𝐴𝑧𝑧 = Re 𝑓𝑓 = 𝑟𝑟𝑛𝑛 𝑏𝑏𝑛𝑛 cos𝑛𝑛𝑛𝑛 − 𝑎𝑎𝑛𝑛 sin𝑛𝑛𝑛𝑛 .

This is because the vector potential = stream function in two dimenstion space.

• New type of magnet – multiple angle magnets?

Conventional magnet and Schwartz transformation
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• Included in Dr. Ki Moon Nam’s study shortly.

• Focused on the symmetry breaking via sextupole magnets and multiple-cell 

symmetry breaking, for possible set of 𝛽𝛽𝑥𝑥0 found by Mr. Youngmin Park.

Symmetry Breaking in Transverse Beam Dynamics
13

𝑆𝑆8 = 50
𝑔𝑔 = −0.58223
𝛼𝛼 = 1245.7898



Symmetry Breaking in Transverse Beam Dynamics
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1. RF phase modulation

The longitudinal Hamiltonian in normalied phase space 𝜙𝜙,𝒫𝒫 = −
ℎ 𝜂𝜂
𝜈𝜈s

𝛿𝛿 with

stationary synchrotron motion, i. e.𝜙𝜙s = 0 is

ℋ0 =
1
2
𝜔𝜔0𝜈𝜈s𝒫𝒫2 + 𝜔𝜔0𝜈𝜈s 1 − cos𝜙𝜙 ≡ 𝜔𝜔0 �ℋ0 .

Consider the RF phase modulation as perturbation, i. e. �ℋ = �ℋ0 + �ℋ1,
�ℋ1 = 𝜈𝜈m𝑎𝑎𝑎𝑎 cos 𝜈𝜈m𝜃𝜃 + 𝜒𝜒0

= 𝜈𝜈m𝑎𝑎 2𝐽𝐽
1
2 cos𝜓𝜓 +

2𝐽𝐽
3
2

64
cos3𝜓𝜓 + ⋯ cos 𝜈𝜈m𝜃𝜃 + 𝜒𝜒0

= 𝜈𝜈m𝑎𝑎
𝐽𝐽
2

cos 𝜓𝜓 + 𝜈𝜈m𝜃𝜃 + 𝜒𝜒0 + cos 𝜓𝜓 − 𝜈𝜈m𝜃𝜃 − 𝜒𝜒0

+𝜈𝜈m𝑎𝑎
2𝐽𝐽

3
2

128
cos 3𝜓𝜓 + 𝜈𝜈m𝜃𝜃 + 𝜒𝜒0 + cos 3𝜓𝜓 − 𝜈𝜈m𝜃𝜃 − 𝜒𝜒0 + ⋯

Therefore the RF phase error only generates the odd order of parametric resonance.

RF phase and voltage modulation
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∴ �ℋ ≈ 𝜈𝜈s𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 + �

𝑘𝑘=0

∞

𝜈𝜈m𝑓𝑓2𝑘𝑘+1𝐽𝐽
𝑘𝑘+12 cos 2𝑘𝑘 + 1 𝜓𝜓 + 𝜈𝜈m𝜃𝜃 + 𝜒𝜒0 + cos 2𝑘𝑘 + 1 𝜓𝜓 + 𝜈𝜈m𝜃𝜃 + 𝜒𝜒0 ,

where 𝑓𝑓1 =
𝑎𝑎
2

, 𝑓𝑓2 =
𝑎𝑎

32 2
,⋯ .

If phase modulation amplitude 𝑎𝑎 is small enough, the dominant resonance is 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚, 

which corresponds to the 𝑘𝑘 = 0 mode and 𝜈𝜈m ≈ 𝜈𝜈s.

Transform the Hamiltonian of Dipole mode �ℋ ≈ 𝜈𝜈s𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 +

𝜈𝜈s𝑎𝑎
2
𝐽𝐽
1
2 cos 𝜓𝜓 − 𝜈𝜈m − 𝜒𝜒0 into

the resonance rotating frame 𝜒𝜒, 𝐼𝐼 by the generating function 𝐹𝐹2 𝜓𝜓, 𝐼𝐼 = 𝜓𝜓 − 𝜈𝜈m𝜃𝜃 − 𝜒𝜒0 − 𝜋𝜋 𝐼𝐼

𝐽𝐽 =
𝜕𝜕𝐹𝐹2
𝜕𝜕𝜕𝜕

= 𝐼𝐼, 𝜒𝜒 =
𝜕𝜕𝐹𝐹2
𝜕𝜕𝜕𝜕

= 𝜓𝜓 − 𝜈𝜈m𝜃𝜃 − 𝜒𝜒0 − 𝜋𝜋,

�𝐾𝐾 = �ℋ +
𝜕𝜕𝐹𝐹2
𝜕𝜕𝜕𝜕

= 𝜈𝜈s − 𝜈𝜈m 𝐼𝐼 −
1

16
𝜈𝜈s𝐼𝐼2 + 𝜈𝜈s

𝑎𝑎
2
𝐼𝐼
1
2 cos𝜒𝜒

RF phase and voltage modulation
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Fixed points can be obtained by solving 𝑔𝑔3 − 16 1 −
𝜈𝜈m
𝜈𝜈s

𝑔𝑔 + 8𝑎𝑎 = 0, where 𝜒𝜒 = 0,𝜋𝜋 and

𝑔𝑔 = 2𝐼𝐼 cos𝜒𝜒 .

When 𝜈𝜈m ≤ 𝜈𝜈bif = 𝜈𝜈s 1 −
3

16
4𝑎𝑎

2
3 ∶ 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ,

𝑔𝑔𝑎𝑎 𝑥𝑥 = −
8
3
𝑥𝑥
1
2 cos

𝜉𝜉
3

, 𝑔𝑔𝑏𝑏 𝑥𝑥 =
8
3
𝑥𝑥
1
2 sin

𝜋𝜋
6
−
𝜉𝜉
3

and 𝑔𝑔𝑐𝑐 𝑥𝑥 =
8
3
𝑥𝑥
1
2 sin

𝜋𝜋
6

+
𝜉𝜉
3

where 𝑥𝑥 = 1 −
𝜈𝜈m
𝜈𝜈s

, 𝑥𝑥bif = 1 − 1 −
𝜈𝜈bif
𝜈𝜈s

=
3

16
4𝑎𝑎

2
3, and 𝜉𝜉 = tan−1

𝑥𝑥
𝑥𝑥bif

3

− 1 .

Otherwise when 𝜈𝜈m > 𝜈𝜈bif ,

𝑔𝑔𝑎𝑎 𝑥𝑥 = − 4𝑎𝑎
1
3 1−

𝑥𝑥
𝑥𝑥bif

3

+ 1

1
3

− 1 −
𝑥𝑥
𝑥𝑥bif

3

− 1

1
3

RF phase and voltage modulation
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The island tune

𝜈𝜈island =
𝜈𝜈s𝑎𝑎
2𝑔𝑔

1 −
𝑔𝑔3

4𝑎𝑎

1
2

= 𝜈𝜈s 1 −
𝑔𝑔2

16
− 𝜈𝜈m 1 −

𝑔𝑔3

4𝑎𝑎

1
2

RF phase and voltage modulation
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2. RF voltage modulation

When 𝑉𝑉 → 𝑉𝑉 + Δ𝑉𝑉, 𝜈𝜈s → 𝜈𝜈s 1 +
Δ𝑉𝑉
𝑉𝑉

1
2
≈ 𝜈𝜈s 1 +

Δ𝑉𝑉
2𝑉𝑉

≡ 𝜈𝜈s 1 + 𝑏𝑏 sin 𝜈𝜈m𝜃𝜃 + 𝜒𝜒 .

The perturbation Hamiltonian �ℋ1 is then �ℋ1 = 𝜈𝜈s𝑏𝑏 sin 𝜈𝜈m𝜃𝜃 + 𝜒𝜒 1 − cos𝜙𝜙 .

Let 𝜒𝜒 = 0 for convinience, then

�ℋ1 = 𝜈𝜈s𝑏𝑏 sin 𝜈𝜈m𝜃𝜃 �
𝑛𝑛=−∞

∞

𝐺𝐺𝑛𝑛 𝐽𝐽 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 = 𝜈𝜈s𝑏𝑏 sin 𝜈𝜈m𝜃𝜃 �
𝑛𝑛=−∞

∞

𝐺𝐺𝑛𝑛 𝐽𝐽 𝑒𝑒𝑖𝑖 𝑛𝑛𝑛𝑛+𝛾𝛾𝑛𝑛

= 𝜈𝜈s𝑏𝑏 𝐺𝐺0 𝐽𝐽 sin 𝜈𝜈m𝜃𝜃 + �
𝑛𝑛=1

∞

𝐺𝐺𝑛𝑛 𝐽𝐽 sin 𝜈𝜈m𝜃𝜃 + 𝑛𝑛𝑛𝑛 + 𝛾𝛾𝑛𝑛 + 𝐺𝐺𝑛𝑛 𝐽𝐽 sin 𝜈𝜈m𝜃𝜃 − 𝑛𝑛𝑛𝑛 − 𝛾𝛾𝑛𝑛

= 𝜈𝜈s𝑏𝑏 �
𝑛𝑛=−∞

∞

𝐺𝐺𝑛𝑛 𝐽𝐽 sin 𝜈𝜈m𝜃𝜃 − 𝑛𝑛𝑛𝑛 − 𝛾𝛾𝑛𝑛 .

∴ �ℋ = 𝜈𝜈s𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 + 𝜈𝜈s𝑏𝑏 �

𝑛𝑛=−∞

∞

𝐺𝐺𝑛𝑛 𝐽𝐽 sin 𝜈𝜈m𝜃𝜃 − 𝑛𝑛𝑛𝑛 − 𝛾𝛾𝑛𝑛

RF phase and voltage modulation
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Transform into the resonance rotating frame �𝜓𝜓, 𝐽𝐽 with 𝐹𝐹2 𝜓𝜓, 𝐽𝐽 = 𝜓𝜓 −
𝜈𝜈m
𝑘𝑘
𝜃𝜃 +

𝛾𝛾𝑘𝑘
𝑘𝑘

+
𝜋𝜋
2𝑘𝑘

𝐽𝐽 ∶

𝐽𝐽 =
𝜕𝜕𝐹𝐹2
𝜕𝜕𝜕𝜕

= 𝐽𝐽, �𝜓𝜓 =
𝜕𝜕𝐹𝐹2
𝜕𝜕𝐽𝐽

= 𝜓𝜓 −
𝜈𝜈m
𝑘𝑘
𝜃𝜃 +

𝛾𝛾𝑘𝑘
𝑘𝑘

+
𝜋𝜋
2𝑘𝑘

,

�𝐾𝐾 = �ℋ +
𝜕𝜕𝐹𝐹2
𝜕𝜕𝜕𝜕

= 𝜈𝜈s𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 + 𝜈𝜈s𝑏𝑏 𝐺𝐺𝑘𝑘 𝐽𝐽 sin 𝑘𝑘 �𝜓𝜓 −

𝜋𝜋
2

−
𝜈𝜈m
𝑘𝑘
𝐽𝐽 + Δ �𝒦𝒦 𝐽𝐽, �𝜓𝜓,𝜃𝜃

= 𝜈𝜈s −
𝜈𝜈m
𝑘𝑘

𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 + 𝜈𝜈s𝑏𝑏 𝐺𝐺𝑘𝑘 𝐽𝐽 cos𝑘𝑘 �𝜓𝜓 + Δ �𝒦𝒦 𝐽𝐽, �𝜓𝜓,𝜃𝜃

Take average with respect to 𝜃𝜃 gives �𝒦𝒦 = 𝜈𝜈s −
𝜈𝜈m

𝑘𝑘
𝐽𝐽 −

1
16

𝜈𝜈s𝐽𝐽2 + 𝜈𝜈s𝑏𝑏 𝐺𝐺𝑘𝑘 𝐽𝐽 cos𝑘𝑘 �𝜓𝜓 .

The resonance strength is the strongest in the lowest harmonic for a small action particle, since

𝐺𝐺𝑛𝑛+2/𝐺𝐺𝑛𝑛 ~ 𝐽𝐽. Thereby the 𝑘𝑘 = 2 mode is dominant, which is 𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚.

RF phase and voltage modulation
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Transform into the resonance rotating frame �𝜓𝜓, 𝐽𝐽 with 𝐹𝐹2 𝜓𝜓, 𝐽𝐽 = 𝜓𝜓 −
𝜈𝜈m
𝑘𝑘
𝜃𝜃 +

𝛾𝛾𝑘𝑘
𝑘𝑘

+
𝜋𝜋

2𝑘𝑘
𝐽𝐽 ∶

𝐽𝐽 =
𝜕𝜕𝐹𝐹2
𝜕𝜕𝜕𝜕

= 𝐽𝐽, �𝜓𝜓 =
𝜕𝜕𝐹𝐹2
𝜕𝜕𝐽𝐽

= 𝜓𝜓 −
𝜈𝜈m
𝑘𝑘
𝜃𝜃 +

𝛾𝛾𝑘𝑘
𝑘𝑘

+
𝜋𝜋

2𝑘𝑘
,

�𝐾𝐾 = �ℋ +
𝜕𝜕𝐹𝐹2
𝜕𝜕𝜕𝜕

= 𝜈𝜈s𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 + 𝜈𝜈s𝑏𝑏 𝐺𝐺𝑘𝑘 𝐽𝐽 sin 𝑘𝑘 �𝜓𝜓 −

𝜋𝜋
2

−
𝜈𝜈m
𝑘𝑘
𝐽𝐽 + Δ �𝒦𝒦 𝐽𝐽, �𝜓𝜓,𝜃𝜃

= 𝜈𝜈s −
𝜈𝜈m
𝑘𝑘

𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 + 𝜈𝜈s𝑏𝑏 𝐺𝐺𝑘𝑘 𝐽𝐽 cos𝑘𝑘 �𝜓𝜓 + Δ �𝒦𝒦 𝐽𝐽, �𝜓𝜓,𝜃𝜃

Take average with respect to 𝜃𝜃 gives �𝒦𝒦 = 𝜈𝜈s −
𝜈𝜈m
𝑘𝑘

𝐽𝐽 −
1

16
𝜈𝜈s𝐽𝐽2 + 𝜈𝜈s𝑏𝑏 𝐺𝐺𝑘𝑘 𝐽𝐽 cos𝑘𝑘 �𝜓𝜓 .

The resonance strength is the strongest in the lowest harmonic for a small action particle, since

𝐺𝐺𝑛𝑛+2/𝐺𝐺𝑛𝑛 ~ 𝐽𝐽. Thereby the 𝑘𝑘 = 2 mode is dominant, which is 𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄𝑄 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚.

RF phase and voltage modulation
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Fixed points for Quadrupole mode

cos 2𝜓𝜓0 = 1 ∶ 𝐽𝐽SFP =
8 1 −

𝜈𝜈m
2𝜈𝜈s

+ 2𝑏𝑏 if 𝜈𝜈m < 2𝜈𝜈s +
𝑏𝑏
2
𝜈𝜈s

0 if 𝜈𝜈m ≥ 2𝜈𝜈s +
𝑏𝑏
2
𝜈𝜈s

cos 2𝜓𝜓0 = −1 ∶ 𝐽𝐽UFP =
8 1 −

𝜈𝜈m
2𝜈𝜈s

− 2𝑏𝑏 if 𝜈𝜈m < 2𝜈𝜈s −
𝑏𝑏
2
𝜈𝜈s

0 if 2𝜈𝜈s −
𝑏𝑏
2
𝜈𝜈s ≤ 𝜈𝜈m ≤ 2𝜈𝜈s +

𝑏𝑏
2
𝜈𝜈s

RF phase and voltage modulation
22



Island tune

𝜈𝜈island =
𝜋𝜋𝜈𝜈s 2𝑏𝑏𝐽𝐽SFP

𝐾𝐾 𝑘𝑘
𝑥𝑥
1
4, 𝑘𝑘 =

1
2

1 −
𝑥𝑥𝐽𝐽SFP − 𝐽𝐽UFP
𝑥𝑥 𝐽𝐽SFP − 𝐽𝐽UFP

3. Phase modulation can increase the beam lifetime

RF phase and voltage modulation
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Higher Harmonic Cavity and Bunch Lengthening
24

Bunch lengthening factor

𝑢𝑢 =
Γ 3

4

Γ 1
4

𝑄𝑄s
ℎ𝜂𝜂

2 24
𝑚𝑚2 − 1

cos𝜙𝜙0s
cos𝜙𝜙1s

1
4 1

𝜎𝜎𝛿𝛿
.



Variable pulse length Storage Ring

• An important feature of future synchrotron sources will thus be the flexibility to tune 

the beam parameters to the various user needs, while ideally maintaining a high 

average flux.

• The world-wide unique feature of the BESSY VSR will be the simultaneous operation of 

long and short pulses, both at high bunch current, while still providing the average 

beam users have come to expect from 3rd generation facilities. One may then store many 

long bunches to provide high photon flux while only a few short-bunch buckets are 

populated with high charge for short-pulse experiments. 

• In this alternating bunch length schema, the impedance heating effects of the machine 

can be avoided and the Touscheck loss rate can be limited since both effects are 

strongly dependent on the total currents in the short bunches and these are only a 

smaller fraction compared to the current in the long bunches.

BESSY VSR – Upgrade of BESSY II
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• This new operating mode is achieved by installing longitudinally focusing SRF 

cavity systems of 1.5 GHz and 1.75 GHz in addition to NC 0.5 GHz RF system into 

one of the low 𝛽𝛽 straights of the BESSY II ring.

• The two different frequencies cause a beating of the voltage creating fixed points 

where the voltages add and others where they cancel. Short bunches are located at 

the high-voltage gradient points and long bunches at the cancellation points.

• The transverse beam optics and emittance remains unchanged.

BESSY VSR – Upgrade of BESSY II
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BESSY VSR – Upgrade of BESSY II
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• The key elements of BESSY VSR are SC cavities, 

cooled down to 1.8 K and operating at two 

different frequencies and voltage amplitude.

BESSY VSR – Upgrade of BESSY II
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